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K-ENERGY ON POLARIZED COMPACTIFICATIONS OF LIE
GROUPS
YAN LI BIN ZHOU∗ XIAOHUA ZHU∗∗
Abstract. In this paper, we study Mabuchi’s K-energy on a compactification
M of a reductive Lie group G, which is a complexification of its maximal
compact subgroup K. We give a criterion for the properness of K-energy on
the space of K ×K-invariant Ka¨hler potentials. In particular, it turns to give
an alternative proof of Delcroix’s theorem for the existence of Ka¨hler-Einstein
metrics in case of Fano manifolds M . We also study the existence of minimizers
of K-energy for general Ka¨hler classes of M .
1. Introduction
The famous Yau-Tian-Donaldson’s conjecture for the existence of Ka¨hler-Einstein
metrics on Fano manifolds asserts that the existence is equivalent to the K-stability.
The conjecture has been recently solved by Tian [25]. Chen, Donaldson and Sun
also give an alternative proof [8]. The notion of K-stability was first introduced by
Tian by using special degenerations [23] and then reformulated by Donaldson in
algebraic geometry via test-configurations [14]. For both special degenerations and
test-configurations, one has to study an infinite number of possible degenerations
of the manifold. A natural question is how to verify the K-stability by reducing it
to a finite dimensional progress. The answer is known for Fano surfaces by Tian
[22] and for toric Fano manifolds by Wang and Zhu [29] (see also [30]). In fact, in
both cases the existence is equivalent to the vanishing of Futaki invariant.
More recently, Delcroix extends Wang-Zhu’s result to a polarized compactifica-
tion M of a reductive Lie group G with c1(M) > 0 [12]. We call M a (bi-equivariant)
compactification of G if it admits a holomorphic G×G action on M with an open
and dense orbit isomorphic to G as a G×G-homogeneous space. (M,L) is called a
polarized compactification of G if L is a G×G-linearized ample line bundle on M .
For more examples besides the toric manifolds, see [4, 12, 13].
Let TC be a r-dimensional maximal complex torus of G with dimension n and
M its group of characters. Assume that Φ is the root system of (G,TC) in M and
Φ+ is a chosen set of positive roots. Let P be the polytope associated to (M,L),
and P+ the part of P defined by Φ+. Denote by 2P+ its dilation at rate 2. Let
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ρ = 12
∑
α∈Φ+ α and Ξ be the relative interior of the cone generated by Φ+. Then
Delcroix proved
Theorem 1.1. Let M be a polarized compactification of G with c1(M) > 0. Then
M admits a Ka¨hler-Einstein metric if and only if
(1.1) bar ∈ 4ρ+ Ξ,
where bar =
∫
2P+
ypi(y) dy∫
2P+
pi(y) dy
is the barycentre of 2P+ with respect to the weighted
measure pi(y)dy and pi(y) =
∏
α∈Φ+〈α, y〉2.
It is pointed by Delcroix that (1.1) implies that the Futaki invariant vanishes for
holomorphic vector fields induced by G×G, but the inverse is not true in general.
Thus one may ask if (1.1) is related to the K-stability and is determined by a
generalized Futaki invariant for some test-configurations. In the present paper, we
will answer this question. In fact, motivated by the study on toric manifolds [14], we
investigate the K-energy on the space of K ×K-invariant Ka¨hler potentials through
the reduced K-energy K(·) via Legendre transformation. We show that condition
(1.1) comes from our formula of K(·) naturally when c1(M) > 0 (cf. Proposition
3.1, Proposition 3.4). Moreover, we give an alternative proof of Theorem 1.1 by
showing the properness of the K-energy (cf. Section 4). The Ka¨hler-Ricci solitons
case can be discussed similarly (cf. Section 5).
The main purpose of this paper is to give a criterion for the properness of the
K-energy on a general polarized compactification (M,L) of G as done on a toric
manifold in [33]. We divide ∂(2P+) ∩ ∂(2P ) into several pieces {FA}d0A=1 such that
for any A, FA lies on an (r − 1)-dimensional hyperplane defined by 〈y, uA〉 = λA
for some primitive uA ∈ N, where N is the Z-dual of M. Define a cone by EA =
{ty| t ∈ [0, 1], y ∈ FA} for any A. It is clear that 2P+ =
d0⋃
A=1
EA. Let
(1.2) ΛA =
2
λA
(1 + 〈2ρ, uA〉) .
Then the average of scalar curvature S¯ of ω0 ∈ 2pic1(L) is given by1
(1.3) S¯ =
n
∑
A ΛA
∫
EA
pi dy∫
2P+
pi dy
.
Define a weighted barycentre b˜ar of 2P+ by
(1.4) b˜ar =
∑
A ΛA
∫
EA
ypi dy∑
A ΛA
∫
EA
pi dy
.
Note that both bar and b˜ar are in the dual space a∗ of a, where a is the non-compact
part of Lie algebra tC of TC. Denote by barss and b˜arss the projections of bar and
b˜ar on the semisimple part a∗ss of a
∗, respectively. We prove
1(1.3) will be verified at the end of Section 2.
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Theorem 1.2. Let (M,L) be a polarized compactification of G with vanishing
Futaki invariant, and ω0 ∈ 2pic1(L) a K ×K-inariant Ka¨hler metric. Suppose that
the polytope 2P+ satisfies the following conditions,(
min
A
ΛA · b˜arss − 4ρ
)
∈ Ξ,(1.5) (
b˜arss − barss
)
∈ Ξ¯,(1.6)
(n+ 1) ·min
A
ΛA − S¯ > 0.(1.7)
Then the K-energy µω0(·) is proper on HK×K(ω0) modulo Z(G), where
HK×K(ω0) = {φ ∈ C∞(M) | ωφ = ω0 +
√−1∂∂¯φ > 0 and φ is K ×K-invariant }
and Z(G) is the centre of G.
In case that M is Fano and L = K−1M , then S¯ = n and ΛA = 1 for all A. We have
b˜ar = bar, thus (1.6), (1.7) are automatically satisfied. Moreover, (1.1) is equivalent
to the vanishing of Futaki invariant and (1.5) (cf. Corollary 3.3). Consequently,
µω0(·) is proper modulo the action of Z(G). Hence we get the an alternative proof
for the sufficient part of Theorem 1.1 [10, 28].
As mentioned above, we prove Theorem 1.2 by using the reduced K-energy K(·).
One of the advantages of K(·) is that it can be defined on a complete space C˜∗
of convex functions on 2P+. Following the argument in [34], we discuss the semi-
continuity property of K(·). As a consequence, we prove the following
Theorem 1.3. K(u) is lower semi-continuous on C˜∗. Furthermore, if µω0(·) is
proper on HK×K(ω0) modulo Z(G), then there exists a minimizer of K(·) on C˜∗.
It is interesting to study the regularity of minimizers in Theorem 1.3. We guess
that they are smooth in 2P+ if the dimension of the torus T
C is less than two. In
case of toric surfaces, it is verified in [31, 32].
The paper is organized as following: In Section 2, we review some preliminaries
on K ×K-invariant metrics on M , and then we give a formula of scalar curvature
of such metrics in terms of Legendre functions. The formula of K(·) is obtained in
Section 3. In Section 4, we use the idea in [33] for toric manifolds to prove Theorem
1.2, but there are new difficulties arising from energy estimates near the Weyl walls
to overcome. In Section 5, we focus on the Fano case, and prove the properness
of modified K-energy provided a modified barycentre condition (5.2) (cf. Theorem
5.1). In Section 6, we prove Theorem 1.3.
2. Preliminaries
In this section, we first recall some preliminaries for K × K-invariant Ka¨hler
metrics on a polarized compactification (M,L) of G [11, 12, 13] and the associated
Legendre functions, then we give a computation of scalar curvature in terms of
Legendre functions.
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2.1. Polarized compactification. Let J be the complex structure of G and K
be one of its maximal compact subgroup such that G = KC. Choose T a maximal
torus of K. Denote by g, k, t the corresponding Lie algebra of G, K, T , respectively.
Then
g = k⊕ Jk.
Set a = Jt and Lie algebra of Z(G) by z(g). We decompose a as a toric part and a
semisimple part:
a = at ⊕ ass,
where at := z(g)∩ a and ass := a∩ [g, g]. Then for any x ∈ a, we have x = xt + xss
with xt ∈ at and xss ∈ ass. We extend the Killing form on ass to a scalar product
〈·, ·〉 on a such that at is orthogonal to ass. Identify a and its dual a∗ by 〈·, ·〉. Then
a∗ also has an orthogonal decomposition
a∗ = a∗t ⊕ a∗ss.
Denote by Φ and W the root system and Weyl group with respect to (G,TC),
respectively. Choose a system of positive roots Φ+. Then it defines a positive Weyl
chamber a+ ⊂ a, and a positive Weyl chamber a∗+ on a∗, where
a∗+ := {y| α(y) := 〈α, y〉 > 0, ∀α ∈ Φ+},
which is also called the relative interior Ξ of the cone generated by Φ+. The Weyl
wall Wα is defined by Wα := {y| α(y) = 0} for each α ∈ Φ+.
2.2. K × K-invariant Ka¨hler metrics. Let Z be the closure of TC in M . It
is known that (Z,L|Z) is a polarized toric manifold with a W -action, and L|Z is
a W -linearized ample toric line bundle on Z [2, 3, 4, 12]. Let ω0 ∈ 2pic1(L) be a
K×K-invariant Ka¨hler form induced from (M,L) and P be the polytope associated
to (Z,L|Z), which is defined by the moment map associated to ω0. Then P is a W -
invariant delzent polytope in a∗. By the K×K-invariance, for any φ ∈ HK×K(ω0),
the restriction of ωφ on Z is a toric Ka¨hler metric. It induces a smooth strictly
convex function ψ on a, which is W -invariant [5].
By the KAK-decomposition ([21], Theorem 7.39), for any g ∈ G, there are
k1, k2 ∈ K and x ∈ a such that g = k1 exp(x)k2. Here x is uniquely determined
up to a W -action. This means that x is unique in a¯+. Then we define a smooth
K ×K-invariant function Ψ on G by
Ψ(exp(·)) = ψ(·) : a→ R.
Clearly Ψ is well-defined since ψ is W -invariant. We usually call ψ the function
associated to Ψ. It can be verified that Ψ is a Ka¨hler potential on G such that
ω =
√−1∂∂¯Ψ on G (cf. Lemma 2.2 below).
The following KAK-integral formula can be found in [20], Proposition 5.28 (see
also [19])
Proposition 2.1. Let dVG be a Haar measure on G and dx the Lebesgue measure
on a. Then there exists a constant CH > 0 such that for any K × K-invariant,
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dVG-integrable function Ψ on G,∫
G
Ψ(g) dVG = CH
∫
a+
J(x)ψ(x) dx,
where J(x) =
∏
α∈Φ+ sinh
2(α(x)).
Next we recall the local holomorphic coordinates on G used in [12]. By the
standard Cartan decomposition, we can decompose g as
g = (t⊕ a)⊕ (⊕α∈ΦVα) ,
where Vα = {X ∈ g| adH(X) = α(H)X, ∀H ∈ t ⊕ a}, the root space of complex
dimension 1 with respect to α. By [18], one can choose Xα ∈ Vα such that X−α =
−ι(Xα) and [Xα, X−α] = α∨, where ι is the Cartan involution and α∨ is a dual of
α by the Killing form. Let Eα := Xα−X−α and E−α := J(Xα +X−α). Denote by
kα, k−α the real line spanned by Eα, E−α, respectively. Then we have the Cartan
decomposition of k,
k = t⊕ (⊕α∈Φ+ (kα ⊕ k−α)) .
Choose a real basis {E01 , ..., E0r} of t. Then {E01 , ..., E0r} together with {Eα, E−α}α∈Φ+
forms a real basis of k, which is indexed by {E1, ..., En}. {E1, ..., En} can also be
regarded as a complex basis of g. For any g ∈ G, we define local coordinates
{zi(g)}i=1,...,n on a neighborhood of g by
(zi(g))→ exp(zi(g)Ei)g.
It is easy to see that θi|g = dzi(g)|g, where θi is the dual of Ei, which is a right-
invariant holomorphic 1-form. Thus ∧ni=1
(
dzi(g) ∧ d ¯zi(g)
)
|g is also a right-invariant
(n, n)-form, which defines a Haar measure dVG.
The complex Hessian of the K × K-invariant function Ψ in the above local
coordinates was computed by Delcroix as follows [12, Theorem 1.2].
Lemma 2.2. Let Ψ be a K × K invariant function on G, and ψ the associated
function on a. Let Φ+ = {α(1), ..., α(n−r2 )}. Then for x ∈ a+, the complex Hessian
matrix of Ψ in the above coordinates is diagonal by blocks, and equals to
(2.1) HessC(Ψ)(exp(x)) =

1
4HessR(ψ)(x) 0 0
0 Mα(1)(x) 0
0 0
. . .
...
...
...
. . . 0
0 0 Mα
(n−r
2
)
(x)

,
where
Mα(i)(x) =
1
2
〈α(i),∇ψ(x)〉
(
cothα(i)(x)
√−1
−√−1 cothα(i)(x)
)
.
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By (2.1) in Lemma 2.2, we see that ψ is convex on a. The complex Monge-
Ampe´re measure is given by ωnφ = (
√−1∂∂¯Ψ)n = MAC(Ψ) dVG, where
(2.2) MAC(Ψ)(exp(x)) =
1
4r+p
MAR(ψ)(x)
1
J(x)
∏
α∈Φ+
〈α,∇ψ(x)〉2.
2.3. Legendre functions. By the convexity of ψ on a, the gradient ∇ψ defines
a diffeomorphism from a to the interior of the dilated polytope 2P 2. Let P+ :=
P ∩ a¯∗+, then by the W -invariance of ψ and P , the restriction of ∇ψ to a+ is a
diffeomorphism to the interior of 2P+. We note that one part of ∂(2P+) lies on
∂(2P ) (which we call ”outer faces”) and the other part lies on Weyl walls {Wα}.
For simplicity, we may assume that 2P contains the origin O in its interior. Then
2P can be described as the intersection of
lA˜(y) := −uiA˜yi + λA˜ > 0, A˜ = 1, ..., d,
where λA˜ > 0 and uA˜ are primitive vectors in N.
Recall that Guillemin’s function of 2P is given by
(2.3) u0 =
1
2
∑
A˜
lA˜(y) log lA˜(y).
Set
C∞,W = {v| v is strictly convex, v − u0 ∈ C∞(2P ) and v is W -invariant}
and
C∞,+ = {v|2P+ | v ∈ C∞,W }.
By [17], the Legendre function u of ψ belongs to C∞,W . The inverse is also true.
This means that any u ∈ C∞,W corresponds to a Ka¨hler potential in HK×K(ω0)
(cf. [4, Proposition 3.2]).
By a direct computation, we have
(2.4) u0,i = −1
2
∑
A˜
(log lA˜(y) + 1)u
i
A˜
, u0,ij =
1
2
∑
A˜
ui
A˜
uj
A˜
lA˜(y)
.
Note that uij0 νi → 0 as y → FA˜, where (uij0 ) = (u0,ij)−1 and νA˜ = (ν1, ..., νr) is the
unit normal vector of face FA˜ = {y| lA˜(y) = 0}. Similarly −uij0,jνi → 2λA˜ 〈y, νA˜〉,
where uij0,k =
∂uij0
∂yk
. Thus we get
Lemma 2.3. If u ∈ C∞,W , then for any A˜, as y → FA˜,
uijνi → 0 and uij,jνi →
2
λA˜
〈y, νA˜〉,(2.5)
where (uij) = (u,ij)
−1 and uij,k =
∂uij
∂yk
.
2We remark that the moment map is given by 1
2
∇ψ, whose image is P .
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2.4. The scalar curvature. We compute the Ricci curvature of ωφ. Clearly it
is also K × K-invariant. As in Lemma 2.2, in the local coordinates in Sect. 2.2,
Ric(ωφ) can be expressed as
−HessC(log det(∂∂¯Ψ))(exp(x))
= −

1
4HessR(ψ˜)(x) 0 0
0 M˜α(1)(x) 0
0 0
. . .
...
...
...
. . . 0
0 0 M˜α
(n−r
2
)
(x)

for any x ∈ a+, where
ψ˜ = log det(∇2ψ) + 2
∑
α∈Φ+
logα(∇ψ) + χ(x),
χ(x) = − log J(x) = −2
∑
α∈Φ+
log sinhα(x),
M˜α(x) =
1
2
〈
α,∇ψ˜
〉(cothα(x) √−1
−√−1 cothα(x)
)
.
Then the scalar curvature
(2.6) S(ωφ)|exp(x) = tr
(
∇2ψ)−1∇2ψ˜
)
+
∑
α∈Φ+
〈α,∇ψ˜〉
〈α,∇ψ〉 .
By using the Legendre function u, we get
Lemma 2.4.
S(ωφ) =−
∑
i,j
uij,ij + 4 ∑
α∈Φ+
αiu
ij
,j
α(y)
+ 4
∑
α,β∈Φ+
αiβju
ij
α(y)β(y)
− 2
∑
α∈Φ+
αiαju
ij
(α(y))2

−
∑
i,k
u,ik
∂2χ
∂xi∂xk
∣∣∣∣
x=∇u
− 2
∑
i
∑
α∈Φ+
∂χ
∂xi
∣∣∣∣
x=∇u
αi
α(y)
,(2.7)
where y ∈ 2P+, uij,kl = ∂
2uij
∂yk∂yl
and αi are the components of α.
Proof. By the relations
(∇2u)−1|y = (∇2ψ)|x=∇u, ∂
3ψ
∂xi∂xj∂xk
∣∣∣∣
x
=
∂
∂xi
(
ujk|y=∇ψ
)
= ujk,l u
li
∣∣∣
y=∇ψ
,
we have
∂ψ˜
∂xp
∣∣∣∣∣
x=∇u
= u,iju
ij
,ku
kp + 2
∑
α∈Φ+
αlu
lp
α(y)
+
∂χ
∂xp
∣∣∣∣
x=∇u
,
∂2ψ˜
∂xp∂xq
∣∣∣∣∣
x=∇u
= (u,iju
ij
,ku
kp),su
sq + 2
∑
α∈Φ+
(
αlu
lp
α(y)
)
,s
usq +
∂2χ
∂xp∂xq
∣∣∣∣
x=∇u
.
Substituting them into (2.6), we obtain (2.7) immediately. 
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Note pi(y) =
∏
α∈Φ+(α(y))
2. Since
∂pi
∂yi
(y) = 2pi(y)
∑
α∈Φ+
αi
α(y)
,
∂2pi
∂yi∂yj
(y) = pi(y)
4 ∑
α,β∈Φ+
αiβj
α(y)β(y)
− 2
∑
α∈Φ+
αiαj
(α(y))2
 ,(2.8)
we can rewrite S as
S(ωφ) =− uij,ij − 2uij,j
pi,i
pi
− uij pi,ij
pi
− u,ik ∂
2χ
∂xi∂xk
∣∣∣∣
x=∇u
− ∂χ
∂xi
∣∣∣∣
x=∇u
pi,i
pi
.(2.9)
By Proposition 2.1, it follows∫
M
Sωnφ = CH
∫
a+
S det(∇2ψ)
∏
α∈Φ+
〈α,∇ψ〉2 dx = CH
∫
2P+
Spi dy.
Since pi ≡ 0 on each Wα, by integration by parts on (2.9), we get∫
2P+
Spi dy
=−
∫
∂(2P+)
uij,jνipi dσ0 −
∫
2P+
uij,jpi,i dy −
∫
2P+
uijpi,ijdy
−
∫
2P+
∂
∂yi
(
∂χ
∂xj
∣∣∣∣
x=∇u
)
pi dy −
∫
2P+
∂χ
∂xj
∣∣∣∣
x=∇u
pi,i dy
=
∑
A
∫
FA
(
2
λA
〈y, νA〉+ 4〈ρ, νA〉
)
pi dσ0 =
∑
A
ΛA
∫
FA
〈y, νA〉pi dσ0
=n
∑
A
ΛA
∫
EA
pi dy.
Here we used Lemma 2.3 and the fact that ∂χ∂xi (x)→ −4ρi as x→∞. On the other
hand, by Proposition 2.1, the volume of (M,ωφ) is given by
VM :=
∫
M
ωnφ = CH
∫
a+
MAR(ψ)
∏
α∈Φ+
〈α,∇ψ〉2dx
= CH
∫
2P+
pi dy.
Hence, combining the above two relations, we get (1.3).
3. Reduction of the K-Energy
Let (M,L) and ω0 ∈ 2pic1(L) be as before. Denote by H(ω0) the space of Ka¨hler
potentials in [ω0]. Mabuchi’s K-energy is defined on H(ω0) by
(3.1) µω0(φ) = −
1
VM
∫ 1
0
∫
M
φ˙t(S(ωφt)− S¯)ωnφt ∧ dt,
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where VM =
∫
M
ωn0 , S¯ is the average of S(ω0) and {φt} is a path of Ka¨hler potentials
joining 0 and φ in H(ω0). In this section, we give a formula of µω0(·) on HK×K(ω0)
in terms of the Legendre function u.
3.1. Reduced K-energy. Define
K(u) =
∑
A
∫
FA
ΛA〈y, νA〉upi dσ0 −
∫
2P+
S¯upi dy
−
∫
2P+
log det(uij)pi dy +
∫
2P+
χ(∇u)pi dy,
where χ(x) = − log J(x) = −2∑α∈Φ+ log sinhα(x) for any x ∈ a. Then we have
Proposition 3.1. Let φ ∈ HK×K(ω0) and u be the Legendre function of ψ = ψ0+φ.
Then
µω0(φ) =
1
V
K(u) + const.,
where V =
∫
2P+
pi dy.
Proof. Note φ˙t = −u˙t. By (2.2), it is easy to see
1
CH
∫ 1
0
∫
M
S¯φ˙tω
n
φt ∧ dt =
∫
2P+
S¯upi dy.
Then by (2.9), it suffices to compute the part
I := − 1
CH
∫ 1
0
∫
M
φ˙tS(ωφt)ω
n
φt ∧ dt
= −
∫ 1
0
∫
a+
φ˙tS(ωφt)|exp(x)MAR(ψt)|x
∏
α∈Φ+
〈α,∇ψt〉2|x dx ∧ dt.
=
∫ 1
0
∫
2P+
u˙t(−utij,ij)pi dy ∧ dt
+
∫ 1
0
∫
2P+
u˙t(−2utij,jpi,i) dy ∧ dt+
∫ 1
0
∫
2P+
u˙t(−uijt pi,ij) dy ∧ dt
+
∫ 1
0
∫
2P+
u˙t
−ut,ik ∂2χ∂xi∂xk |x=∇utpi − ∑
α∈Φ+
∂χ
∂xi
|x=∇utpi,i
 dy ∧ dt.
By integration by parts, it follows
I =
∫ 1
0
∫
∂(2P+)
u˙t(−utij,jνi)pi dσ0 ∧ dt+
∫ 1
0
∫
2P+
u˙t,iut
ij
,jpi dy ∧ dt
−
∫ 1
0
∫
2P+
u˙t(ut
ij
,jpi,i) dy ∧ dt−
∫ 1
0
∫
2P+
u˙t(u
ij
t pi,ij) dy ∧ dt
−
∫ 1
0
∫
2P+
u˙t
∂
∂yi
(
∂χ
∂xi
∣∣∣∣
x=∇ut
pi
)
dy ∧ dt.(3.2)
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Note that ∂χ∂xi (x) → −4ρi as x → ∞ in a+ and is away from Weyl walls, and pi
vanishes quadratically along any Weyl wall. Then the last term in (3.2) becomes∫
2P+
χ(∇ut)pi dy
∣∣∣∣∣
1
0
−
∫ 1
0
∫
∂(2P+)
u˙t
∂χ
∂xi
∣∣∣∣
x=∇ut
νipi dσ0 ∧ dt
=
∫
2P+
χ(∇u)pi dy + 4
∫
∂(2P+)
〈ρ, ν〉upi dσ0 + const.(3.3)
On the other hand, by the second relation in Lemma 2.3, we have∫ 1
0
∫
2P+
u˙t,iut
ij
,jpi dy ∧ dt−
∫ 1
0
∫
2P+
u˙t(ut
ij
,jpi,i) dy ∧ dt
=
∫ 1
0
∫
∂(2P+)
u˙t,iut
ijνjpi dσ0 ∧ dt−
∫ 1
0
∫
2P+
u˙t,ijut
ijpi dy ∧ dt
+
∫ 1
0
∫
2P+
u˙tut
ijpi,ij dy ∧ dt−
∫ 1
0
∫
∂(2P+)
u˙tut
ijνjpi,i dσ0 ∧ dt
= −
∫ 1
0
∫
2P+
d
dt
[log det(ut,ij)]pi dy ∧ dt+
∫ 1
0
∫
∂(2P+)
u˙tut
ijpi,ij dσ0 ∧ dt.(3.4)
Thus combining (3.4) and (3.3), we get from (3.2),
I =
∫ 1
0
∫
∂(2P+)
u˙t(−utij,jνi)pi dσ0 ∧ dt+ 4
∫
∂(2P+)
〈ρ, ν〉upi dσ0
−
∫
2P+
log det(u,ij)pi dy +
∫
2P+
χ(∇u)pi dy + const.
By Lemma 2.3, we see∫
∂(2P+)
u˙t(−utij,jνj)pi dσ0 =
∑
A
∫
FA
u˙t
2
λA
〈y, νA〉pi dσ0.
Hence, we obtain
I =
∑
A
∫
FA
ΛA〈y, νA〉upi dσ0 −
∫
2P+
[log det(uij)− χ(∇u)]pi dy + const.
Recall that VM = CH · V , the proof is finished. 
For convenience, we write K(u) as K(u) = L(u) +N (u), where
L(u) =
∑
A
∫
FA
ΛA〈y, νA〉upi dσ0 −
∫
2P+
S¯upi dy −
∫
2P+
4〈ρ,∇u〉pi dy,(3.5)
N (u) = −
∫
2P+
log det (u,ij)pi dy +
∫
2P+
[χ (∇u) + 4〈ρ,∇u〉]pi dy.(3.6)
By integration by parts, we can rewrite L(u) as
(3.7) L(u) =
∑
A
∫
EA
[〈ΛAy − 4ρ,∇u〉+ (ΛAn− S¯)u]pi dy,
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or
(3.8) L(u) =
∑
A
2
λA
∫
FA
〈y, νA〉upi dσ0 −
∫
2P+
S¯upi dy +
∫
2P+
4〈ρ,∇pi〉u dy.
3.2. The Futaki Invariant. In this subsection, we discuss the relationship be-
tween the Futaki invariant F (·) and the linear part L(·) of K(·).
Let Aut0(M) be the identity component of the automorphisms group of M with
Lie algebra η(M). Let Autr(M) be a reductive algebraic subgroup of Aut
0(M).
Then Autr(M) is the complexification of a maximal compact subgroup Kr (with
Lie algebra kr). Denote the Lie algebra of Autr(M) by ηr(M) and its centre by
ηc(M). By a result of Futaki [16], it suffices to consider F (v) for holomorphic vector
fields v ∈ ηc(M). In our case (M,L), when v is restricted on G, v =
√−1viE0i
with α(v) = 0, for any α ∈ Φ, where vi ∈ C are some constants, i = 1, ..., r. If
Im(v) ∈ kr, vi are all real numbers. In particular, Re(v) ∈ at.
Lemma 3.2. Let lv(y) =
∑
i v
iyi be the linear function associated to v ∈ ηc(M).
Then the Futaki invariant is given by
F (v) =
1
V
L(lv(y)).(3.9)
Proof. Let σvt be the one-parameter group generated by Re(v) and φ
v
t be a family
of induced Ka¨hler potentials by
σvt
∗ω0 = ω0 +
√−1∂∂¯φvt .
Since σvt (k1 exp(a)k2) = k1 exp(a + tv)k2 for any a ∈ a, σvt ∗ω0 is K × K invari-
ant. Then {σvt ∗ω0} induces a family of W -invariant convex functions {ψt} on a.
Moreover, the Legendre functions ut of ψt are given by
ut = u0 − tlv(y).
By Proposition 3.1, we get
F (v) = − 1
V
d
dt
µω0(φt) = −
1
V
L(lv(y))− 1
V
∫
2P+
(
vi
∂χ
∂xi
∣∣∣∣
x=∇uφt
+ 4ρiv
i
)
pi dy.
Note that α(v) = 0 for all α ∈ Φ, which implies ρivi = 0 and
vi
∂χ
∂xi
(x) = −2
∑
α∈Φ+
α(v) cothα(x) = 0.
Hence (3.9) is true. 
Corollary 3.3. M has vanishing Futaki invariant if and only if L(lv) = 0 for any
v ∈ ηc(M). The later is equivalent to(
b˜ar − n
n+ 1
bar
)
∈ ass.
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Proof. By (3.7) and (1.3), we have
L(lv) = (n+ 1)
∑
A
∫
EA
ΛAyiv
ipi dy −
∫
2P+
S¯yiv
ipi dy
= (n+ 1) ·
(∑
A
ΛA
∫
EA
pi dy
)
·
〈
b˜ar − n
n+ 1
bar, v
〉
.
This proves the corollary. 
Another explanation of L(u) for a W -invariant, convex piecewise linear u can be
described as the generalized Futaki-invariant corresponding to a toric degeneration
U as done in [4, Theorem 3.3]. In fact,
F (U) =
1
2
∫
P+
Hrdy
(∫
∂P+
uHrdσ + 2
∫
P+
uHr−1dy − a
∫
P+
uHrdy
)
,(3.10)
where a =
∫
∂P+
Hrdσ+2
∫
P+
Hr−1dy∫
P+
Hrdy
. The coefficients H∗ arise from the homogeneous
expression
dim(End(E$)) = Hr($) +Hr−1($) + ..., $ ∈ a∗+ ∩M,
for the irreducible G-representation E$ of highest weight $. By the Weyl character
formula, Hr(y) =
pi(y)∏
α∈Φ+ 〈α,ρ〉2
and Hr−1(y) =
〈∇pi(y),ρ〉∏
α∈Φ+ 〈α,ρ〉2
. Thus by changing the
integral variable y to 12y in (3.10), we see that a = S¯ and
(3.11) L(u) = V · F (U),
for any W -invariant rational convex piecewise linear u.
In Fano case, we have all ΛA = 1. This is because there is a smooth K × K-
invariant Ricci potential H0 on M so that
− log det(∂∂¯Ψ0)−Ψ0 = H0.
Then it reduces to a bounded smooth h0 on a,
(3.12)
−h0 = log det(ψ0,ij) + ψ0 − log J(x)
= − log det(u0,ij) + yiu0,i − u0 + χ(∇u0).
By (2.4), the singular terms on the right hand side for y ∈ 2P+ is∑
A
(
1− 1
2
yiu
i
A + 2ρiu
i
A
)
log lA(y).
It follows
λA(ΛA − 1) = 2− uiAyi + 4ρiuiA = 0.
Thus ΛA = 1.
Now, in Fano case, we see that b˜ar = bar. Then (1.1) implies that bar ∈ ass. By
Corollary 3.3, the Futaki invariant vanishes. Furthermore, by (3.7), we get
(3.13) L(u) =
∫
2P+
〈y − 4ρ,∇u〉pi dy.
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The following proposition shows that (1.1) is a necessary condition of the existence
of Ka¨hler-Einstein metrics on (M,L) from the view of K-stability.
Proposition 3.4. Let (M,L) be a Fano compactification of G. Then M is not
K-stable if bar − 4ρ 6∈ Ξ.
Proof. Let {α(1), ..., α(r′)} be the simple roots in Φ+. Since bar − 4ρ 6∈ Ξ, without
loss of generality we can write
bar − 4ρ = λ1α(1) + ...+ λr′α(r′) + v,
where λ1 ≤ 0 and v ∈ a∗t . Let {$i} be the fundamental weights for {α(1), ..., α(r′)}
such that
2〈$i,α(j)〉
|α(j)|2 = δij . Define a W -invariant rational piecewise linear function
u on 2P by
u(y) = max
w∈W
{〈w ·$1, y〉}.
Then u defines a non-trivial toric degeneration. Since $1 is dominant, we have
u|2P+(y) = 〈$1, y〉.
Thus by (3.13), we get
L(u) = 〈bar − 4ρ,$1〉 = 1
2
|α(1)|2λ1 ≤ 0.
By (3.11), the proposition is proved. 
4. A criterion for properness of the K-Energy
In this section, we study the properness of the K-energy associated to a general
Ka¨hler class ω0. We reduce the problem to K(·).
Let O be the origin of a∗. Note that a∗t is the fixed point set of the W -action.
Then ∇u(O) ∈ a∗t for any u ∈ C∞,W . We can normalize u ∈ C∞,W by
(4.1) u˜(y) = u(y)− 〈∇u(O), y〉 − u(O).
Then u˜ ∈ C∞,W and
min
2P
u˜ = u˜(O) = 0.(4.2)
The subset of normalized functions in C∞,W and C∞,+ will be denoted by Cˆ∞,W and
Cˆ∞,+, respectively. The following proposition gives a criterion for the properness
of K(·).
Proposition 4.1. Under the assumption of Theorem 1.2, for any δ ∈ (0, 1), there
exists a uniform constant Cδ > 0, such that
(4.3) K(u) ≥ δ
∫
2P+
upi dy − Cδ, ∀ u ∈ Cˆ∞,+.
We shall estimate both of the linear part L(·) and nonlinear part N (·) of K(·)
below.
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4.1. Estimate of L(·). The following lemma can be directly proved from the con-
vexity of u.
Lemma 4.2. There is a uniform constant Λ, such that∫
2P+
upi dy ≤ Λ
∫
∂(2P+)
u〈y, ν〉pi dσ0, ∀u ∈ Cˆ∞,+.
Now we prove
Proposition 4.3. Under the assumption of Theorem 1.2, there exists a positive
constant λ such that
L(u) ≥ λ
∫
∂(2P+)
〈y, ν〉upi dσ0, ∀u ∈ Cˆ∞,+.
Proof. Since u is convex, we have
〈y − b˜arss,∇u(y)〉 ≥ u(y)− u(b˜arss).
By (3.7), we have
L(u)
=
∑
A
∫
EA
ΛA〈y − b˜arss,∇u〉pidy +
∑
A
∫
EA
〈ΛAb˜arss − 4ρ,∇u〉pidy
+
∑
A
∫
EA
(ΛAn− S¯)upidy
≥
∑
A
∫
EA
(ΛA(n+ 1)− S¯)[u(y)− u(b˜arss)− 〈∇u|b˜arss , y − b˜arss〉]pidy
+
∑
A
∫
EA
〈ΛAb˜arss − 4ρ,∇u〉pidy +
∑
A
∫
EA
ΛA〈∇u|b˜arss , y − b˜arss〉pidy
+
∑
A
∫
EA
(ΛAn− S¯)
(
〈∇u|
b˜arss
, y − b˜arss〉+ u(b˜arss)
)
pidy.
By (1.3), the last two terms equals
[〈(n+ 1)b˜art − n · bart,∇u|b˜arss〉+ n〈b˜arss − barss,∇u|b˜arss〉]
∑
A
∫
EA
ΛApidy.
Note that at is orthogonal to ass. Choosing Re(v) = (∇u|b˜arss)t in Corollary 3.3,
we have
〈(n+ 1)b˜art − n · bart,∇u|b˜arss〉 = 〈(n+ 1)b˜art − n · bart, (∇u|b˜arss)t〉 = 0.
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Thus
L(u)
≥
∑
A
∫
EA
(ΛA(n+ 1)− S¯)[u(y)− u(b˜arss)− 〈∇u|b˜arss , y − b˜arss〉]pi(y)dy
+
∑
A
∫
EA
〈ΛAb˜arss − 4ρ,∇u〉pi dy
+ n
(∑
A
∫
EA
ΛApi dy
)
〈b˜arss − barss,∇u|b˜arss〉.(4.4)
Condition (1.6) implies 〈b˜arss − barss,∇u|b˜arss〉 ≥ 0, while (1.5) implies∑
A
∫
EA
〈ΛAb˜arss − 4ρ,∇u〉pi dy ≥ 0.
Moreover, each equality holds if and only if ∇u(y) ∈ at for all y ∈ 2P+. Hence the
three terms in (4.4) are all nonnegative for u ∈ Cˆ∞,+.
We want to use (4.4) to prove the lemma. Suppose that it is not true. Then
there exists a sequence {uk} ⊂ Cˆ∞,+ such that
(4.5)
∫
∂(2P+)
uk〈y, ν〉pi dσ0 = 1 and L(uk)→ 0, k →∞.
Thus there is a subsequence (still denoted by {uk}) which converges locally uni-
formly to a convex function u∞ in 2P+. Since the last two terms of (4.4) is non-
negative, we have
0 ≤
∑
A
∫
EA
(
ΛA(n+ 1)− S¯
) [
uk(y)− uk(b˜arss)− 〈∇u|b˜arss , y − b˜arss〉
]
pi(y)dy
≤ L(uk)→ 0.
Hence u∞ must be an affine linear function. By the fact uk(O) = 0, we have
u∞(O) = 0 and so u∞ = ξiyi for some ξ = (ξi) ∈ a¯+.
Substituting u∞ into (3.5), we have
0 = L(u∞)
=
∑
A
∫
EA
〈ΛAb˜arss − 4ρ, ξ〉pi dy + n
(∑
A
∫
EA
ΛApi dy
)
〈b˜arss − barss, ξ〉 ≥ 0.
Note that 〈ΛAb˜arss − 4ρ, ξ〉 ≥ 0 and 〈b˜arss − barss, ξ〉 ≥ 0 with ”=” holds iff
ξ ∈ at. By L(u∞) = 0, we get ξ ∈ at. This implies that u∞(y) is a linear function
depending only on yt, i.e., the projection of y in a
∗
t . Since O lies in the interior of
a∗t ∩ (2P+) and u∞ ≥ 0, we get u∞ = 0. As a consequence,∫
2P+
ukpi dy → 0, as k →∞.(4.6)
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On the other hand, since all λA > 0, there exists a uniform constant λ0 > 0, such
that for u ∈ Cˆ∞,+,∑
A
2
λA
∫
FA
〈y, νA〉upi dσ0 ≥ 2λ0
∫
∂(2P+)
u〈y, ν〉pi dσ0.
Note that 〈4ρ,∇pi〉 ≥ 0 on 2P+. Hence, substituting (4.5), (4.6) and the above
equality for u = uk into (3.8), we see L(uk) ≥ λ0 > 0, which contradicts to the
second relation in (4.5). The lemma is proved. 
4.2. Estimate of N . We prove
Proposition 4.4. There exist uniform constants CΛ, CL, C0 > 0 such that for any
u ∈ Cˆ∞,+,
N (u) ≥ −CΛ
∫
∂(2P+)
u〈y, ν〉pi dσ0 − CLL(u) +
∫
2P+
Qupi dy − C0,(4.7)
where
(4.8) Q = − ∂χ
∂xi
∣∣∣∣
x=∇u0
pi,i
pi
− ∂
2χ
∂xi∂xk
∣∣∣∣
x=∇u0
u0,ik − uij0
pi,ij
pi
.
Proof. First, we note that χ(·) is strictly convex on a+ (cf. [12, Lemma 3.7]). Then
by the convexity of − log det, we have
− log det(u,ij) + χ(∇u)
≥ − log det(u0,ij) + χ(∇u0)− uij0 (u,ij − u0,ij) +
∂χ
∂xi
∣∣∣∣
x=∇u0
(u,i − u0,i).(4.9)
By (3.1), it follows
N (u)
≥ −
∫
2P+
uij0 u,ijpi dy +
∫
2P+
u,i
∂χ
∂xi
∣∣∣∣
x=∇u0
pi dy + 4
∫
2P+
〈ρ,∇u〉pi dy − C0(4.10)
for some constant C0 independent of u. Since ∇χ(x) + 4ρixi vanishes at infinity
away from Weyl walls and pi(y) vanishes quadratically along any Weyl wall,∫
∂(2P+)
(
∂χ
∂xi
∣∣∣∣
x=∇u0
+ 4ρi
)
νiupi dσ0 = 0.
Thus by integration by parts for the first integral terms in (4.10), and then by
Lemma 2.3, we get
N (u) ≥ −
∑
A
∫
FA
2
λA
upi〈y, νA〉 dσ0 −
∫
2P+
uij0,ijupi dy − 2
∫
2P+
uij0,jpi,iu dy
−
∫
2P+
4〈ρ,∇pi〉udy +
∫
2P+
Qpi dy.(4.11)
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On the other hand, by (3.8) and Lemma 4.2, we have
0 ≤
∫
2P+
4〈ρ,∇pi〉u dy = L(u) + S¯
∫
2P+
upi dy −
∑
A
2
λA
∫
FA
u〈y, νA〉pi dσ0
≤ L(u) + C
∫
∂(2P+)
u〈y, ν〉pi dσ0.(4.12)
Moreover, ∫
2P+
∣∣∣uij0,ij∣∣∣upi dy ≤ C1 ∫
2P+
upi dy,(4.13)
∫
2P+
∣∣∣uij0,jpi,i∣∣∣u dy ≤ C2 ∫
2P+
〈ρ,∇pi〉u dy
≤ C2L(u) + C ′2
∫
∂(2P+)
u〈y, ν〉pi dσ0,(4.14)
since uij0,ij , u
ij
0,j are smooth up to the boundary, where C1, C2, C
′
2 > 0 are constants
independent of u. Hence, substituting (4.12), (4.13) and (4.14) into (4.11), we
obtain (4.7). 
4.3. Estimate of Q. Since Q is singular and pi vanishes along each Wα, we shall
give an explicit estimate for the singular order of Q. In the following, we will divide
2P into two parts 2P = 2P ′∪U , where U is a union of small neighborhoods of faces
of codim≥ 2 which are contained in ∪α∈Φ+Wα, and 2P ′+ = 2P ′ ∩ a¯∗+, where 2P ′
is a W -invariant polytope whose boundary intersects the Weyl walls orthogonally.
By Proposition 4.4, to finish the proof of Proposition 4.1, it suffices to prove
Proposition 4.5. There are constants CI , CII > 0 independent of u such that∣∣∣∣∣
∫
2P+
Qupi dy
∣∣∣∣∣ ≤ CI
∫
2P+
〈ρ,∇pi〉u dy + CII
∫
2P+
upi dy, ∀u ∈ Cˆ∞,W .
4.3.1. Integral estimate on 2P ′+. It is easy to see that Qpi is uniformly bounded in
2P+. Then
(4.15)
∫
2P ′+
Qupi dy ≤ C
∫
2P ′+
u dy, ∀u ∈ Cˆ∞,W .
In this subsection, we further prove
Lemma 4.6. Suppose that 2P ′(⊂ 2P ) is a W -invariant polytope as above. Then
there exists a constant CP ′ independent of u such that
(4.16)
∫
2P ′+
u dy ≤ CP ′
∫
2P ′+
upi dy, ∀u ∈ Cˆ∞,W .
Proof. Set (2P ′+) := (∩α∈Φ+{y|〈α, y〉 > }) ∩ 2P ′+ for  > 0. Then
(4.17) pi(y) ≥ n−r, ∀y ∈ (2P ′+),
since the number of elements of Φ+ is
n−r
2 . Consequently
(4.18)
∫
2P ′+
u dy ≤ r−n
∫
(2P ′+)
upi dy +
∫
2P ′+\(2P ′+)
u dy,
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It suffices to estimate the second term for some fixed . Let y0 ∈ 2P ′+ be a point
which lies on the intersection of exactly k Weyl walls. For example, y0 ∈ W˜k :=
∩ki=1Wα(i) and y0 is away from other walls. Without loss of generality, we may
assume that α(1), ..., α(k) are simple roots in Φ+. Then W˜k is an (r− k)-dim linear
subspace in a∗. Take Iy0 a cubic relative neighbourhood of y0 in W˜k∩2P ′+. Consider
the affine k-dim plane
Hy0 := {y0 +
k∑
i=1
τiα(i)|τi ∈ R},
which is the unique k-plane passing through y0 and orthogonal to allWα(1) , ...,Wα(k) .
By our assumptions, we can take a small relative neighbourhood Uy0 of y0 in
2P ′+ ∩ Hy0 , which is an k-dimensional polytope, such that ∂Uy0\ ∪ki=1 Wα(i) in-
tersects Wα(1) , ...,Wα(k) orthogonally and is away from other Weyl walls. Let
1
2Uy0
be the shrinking of Uy0 with centre at y0 at rate
1
2 . Take Uy0 small enough, one
can assume Σy0 := Uy0 × Iy0 and ΣOy0 := 12Uy0 × Iy0 are contained in 2P ′+, whose
closures are away from other Weyl walls (See Figure 1).
(a) (b)
Figure 1. The dark area is Σy0\ΣOy0 in a 3-dimension 2P+. In (a),
y0 lies on two walls ADC and BDC, ADB is an outer face, the
line segment DC stands for Iy0 , and the deeper dark area presents
a subpolytope Pi of case (2) in (a). In (b), y0 lies on three walls.
Let y = (y′, y′′) be any point in Σy0 . Fix a y
′′ ∈ Iy0 . Since u(y′, y′′) is a strictly
convex function for y′, by the W -invariance of u, it must attains its minima at
y˜0 = (y
′
0, y
′′), where y0′ is the coordinate component of y0 in Uy0 . By the convexity
of u, we have∫
ΣOy0
u dy =
∫
Iy0
(∫ 1
2
0
∫
∂Uy0\W˜k
u(ty′, y′′)〈y′, ν〉 dσ∂Uy0 (y′) ∧ dt
)
∧ dy′′
≤
∫
Iy0
(∫ 1
1
2
∫
∂Uy0\W˜k
u(ty′, y′′)〈y′, ν〉 dσ∂Uy0 (y′) ∧ dt
)
∧ dy′′
=
∫
Σy0\ΣOy0
u dy.(4.19)
We divide Σy0\ΣOy0 into finitely many subpolytopes P1, ..., Pm in two types:
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(1) Pi is contained in some (2P
′
+);
(2) P¯i intersects at most (k − 1) Weyl walls and its outer faces are orthogonal
to these walls.
For Pi of type (1), by (4.18), we have
(4.20)
∫
Pi
u dy ≤ −(n−r)
∫
Pi
upi dy, ∀u ≥ 0.
For Pi of type (2), we regard Pi as Σy(1) for some y
(1) which lies on at most (k− 1)
Weyl walls. Then according to the above argument, there is a subset ΣO
y(1)
of Σy(1)
such that as in (4.19), ∫
ΣO
y(1)
u dy ≤
∫
Σ
y(1)
\ΣO
y(1)
u dy.
Moreover, we have finitely many subpolytopes {P (1)j }j , where P (1)j is either con-
tained in some (2P ′+)1 for some 1 > 0, or intersects at most (k − 2) Weyl walls
such that Σy(1) \ ΣOy(1) = ∪jP
(1)
j .
Thus we can iterate the above progress for finite times until each P
(k)
j in Σy(k) \
ΣO
y(k)
is of type (1) for some k > 0 while P
(k−1)
j is of type (2). Hence by the
relations (4.19) and (4.20), we can find a small number δ0 > 0 such that∫
Σy0
u dy ≤ Cδ−(n−r)0
∫
2P ′+
upi dy.
Since ∂(2P+) ∩ (∪α∈Φ+Wα) is compact, we can cover it by finitely many {Σyp}.
Choose 0 > 0 such that 2P
′
+ \ (2P ′+)0 ⊂ ∪pΣyp . Then (4.16) follows from (4.18).

Remark 4.7. If M is a toroidal compactification of G [13], we can take P ′ = P
and then Proposition 4.1 follows from Lemma 4.6 directly. Lemma 4.6 will be also
used in Section 6 (cf. Lemma 6.1).
4.3.2. Asymptotic estimate of Q near Wα. In general, a Weyl wall Wα could not
intersect a (r − 1)-dimensional face FA˜ of 2P orthogonally. In this case, if let
sα ∈ Wα be the reflection with respect to Wα, then by the W -invariance of 2P ,
FA˜,α := sα(FA˜) is again a face of 2P . For simplicity, we denote Fα
Fα =
{
FA˜ ⊂ {y| 〈α, y〉 ≥ 0}| FA˜ 6= FA˜,α
}
.
We note that FA˜ may not intersect Wα.
In order to make the computation of the quantity Q more explicitly, associated
to each Wα, we relabel the (r − 1)-dimensional faces of 2P as follows:
(1) Faces Fa ∈ Fα. We denote them by Fa = {y ∈ ∂(2P )| la(y) = 0}, a =
1, .., d1. By the convexity of 2P , we have α(ua) > 0. Since α ∈ M and
ua ∈ N, α(ua) ∈ Z>0.
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(2) Faces Fa,α with Fa ∈ Fα. We denote them by Fa,α = {y ∈ ∂(2P )| la,α(y) =
0}, where la,α(y) satisfies
la,α(y) = la(y) +
2α(ua)
|α|2 〈α, y〉.(4.21)
(3) Faces Fb which are orthogonal to Wα. By the convexity of 2P , Fb∩Wα 6= ∅.
We denote them by Fb = {y ∈ ∂(2P )| lb(y) = 0}, b = 1, .., d2. Since
α(ub) = 0, Fb is invariant under sα.
Under the above notations, we rewrite Guillemin’s function u0 in (2.3) as
u0 =
1
2
∑
a
(la(y) log la(y) + la,α(y) log la,α(y)) +
1
2
∑
b
lb(y) log lb(y).
Thus
(4.22) 〈α,∇u0〉 = 1
2
∑
a
α(ua) log
(
1 +
2α(ua)α(y)
|α|2la(y)
)
and
(4.23) u0,ij =
1
2
∑
a
(
uiau
j
a
la(y)
+
uia,αu
j
a,α
la,α(y)
)
+
1
2
∑
b
(
uibu
j
b
lb(y)
)
.
Lemma 4.8. Let y0 ∈Wα. Then
uij0 αiαj =

(∑
a
(α(ua))
2
la(y)
)−1
|α|4 +O(α(y)), if α(y)
la(y)
→ 0, ∀ a,
O(α(y)), otherwise.
Proof. Since la,α(y) > la(y) > 0, we have
0 < M1 :=
1
2
[∑
a
1
la,α(y)
(
uiau
j
a + u
i
a,αu
j
a,α
)
+
∑
b
uibu
j
b
lb(y)
]
≤ (u0,ij) ≤ 1
2
[∑
a
1
la(y)
(
uiau
j
a + u
i
a,αu
j
a,α
)
+
∑
b
uibu
j
b
lb(y)
]
=: M2.
It is easy to see
M1α =
(∑
a
(α(ua))
2
|α|2la,α(y)
)
α, M2α =
(∑
a
(α(ua))
2
|α|2la(y)
)
α.(4.24)
Thus (∑
a
(α(ua))
2
la(y)
)−1
=
αTM−12 α
|α|4
≤ u
ij
0 αiαj
|α|4 ≤
αTM−11 α
|α|4 =
∑
a
(α(ua))
2
la(y) + 2
α(ua)
|α|2 α(y)
−1 .
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Moreover, if α(y)la(y) → 0 for all a, by Lemma 7.1 in Appendix,
0 ≤
∑
a
(α(ua))
2
la(y) + 2
α(ua)
|α|2 α(y)
−1 −(∑
a
(α(ua))
2
la(y)
)−1
= O(α(y)).(4.25)
This implies
uij0 αiαj
|α|4 ≤
(∑
a
(α(ua))
2
la(y)
)−1
+O(α(y)).
The first case is proved.
In the second case, there exists an Fa0 ∈ Fα such that α(ua0) 6= 0 and α(y)la0 (y) ≥ 0
for some 0 > 0. Then (∑
a
(α(ua))
2
la(y)
)−1
= O(la0(y))(4.26)
and ∑
a
(α(ua))
2
la(y) + 2
α(ua)
|α|2 α(y)
−1 = O(α(y)).(4.27)
Thus
uij0 αiαj
|α|4 ≤ O(la0(y)) +O(α(y)) = O(α(y)).
The lemma is proved. 
Lemma 4.9. Let y0 ∈ Wα. Suppose that y0 also lies on another Weyl wall Wβ.
Then as y → y0, it holds
αT
(
(uij0 )−M−12
)
α =O(α(y)),(4.28)
βT
(
(uij0 )−M−12
)
β = O(α(y) + β(y)).(4.29)
Proof. (4.28) follows from the estimate in Lemma 4.8 immediately. It remains to
prove (4.29). Let Sα,β ⊂ W be the group generated by the reflections sα and
sβ . We want to relabel faces of 2P according to this Sα,β-action. In each orbit
{Sα,βFA˜}, where {FA˜} is a (r − 1)-dimensional face, we take a face Fc such that
α(uc), β(uc) ≥ 0. Let
{Sα,βFc} = {Fc,s1 , ..., Fc,sp(c)},
where Fc,s = {y ∈ ∂(2P )| lc,s(y) = λc,s − uic,syi = 0}. Set
Mˆ1 =
1
2
∑
c
( ∑p(c)
q=1 u
i
c,squ
j
c,sq
maxs {(lc,s) (y)}
)
, Mˆ2 =
1
2
∑
c
(∑p(c)
q=1 u
i
c,squ
j
c,sq
mins {(lc,s) (y)}
)
.
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Then we rewrite u0 as
u0 =
1
2
∑
c
p(c)∑
q=1
uic,squ
j
c,sq
lc,sq (y)
.
Thus it is easy to see
0 < Mˆ1 ≤ (u0,ij) ≤M2 ≤ Mˆ2.
Note that {Sα,βFc} is invariant under the reflection associated to Wβ . Then as
in the proof of Lemma 4.8, we relabel {Sα,βFc}: faces Fa ∈ Fβ ; faces Fa,β with
Fa ∈ Fβ ; and Faces Fb which is orthogonal to Wβ . Thus similar to (4.24), we get
p(c)∑
q=1
uic,squ
j
c,sqβj = λcβi,
where λc ≥ 0 is a constant with at least one λc > 0 since Mˆ1 > 0. As a consequence,
Mˆ1β =
1
2
∑
c
λc
maxs {lc,s(y)}β
and
Mˆ2β =
1
2
∑
c
λc
mins {lc,s(y)}β.
This means that β is an eigenvector of both Mˆ1 and Mˆ2.
On the other hand, there are constants µc1, µ
c
2 such that
lc,s(y) = lc(y) + µ
c
1α(y) + µ
c
2β(y).
In particular,
max
s
{lc,s(y)} = min
s
{lc,s(y)}+ µ˜c1α(y) + µ˜c2β(y).
Then as in the estimate (4.25) (also see (4.26), (4.27)), we get
βT
(
Mˆ−11 − Mˆ−12
)
β = O(α(y) + β(y)).
It follows
βT
(
(uij0 )−M−12
)
β = O(α(y) + β(y)).
The lemma is proved.

Remark 4.10. Since (4.23) can be rewritten as
u0,ij =
1
2
∑
a
(
uiau
j
a
la(y)
+
uia,βu
j
a,β
la,β(y)
)
+
1
2
∑
b
(
uibu
j
b
lb(y)
)
for any Weyl wall Wβ, as in the proof of Lemma 4.8 for the second case, one can
prove: if y0 /∈Wβ, then
uij0 βiβj = O(1), as y → y0.(4.30)
Similar to (4.9),
βT
(
(uij0 )−M−12
)
β = O(1), if y0 ∈Wα \Wβ .(4.31)
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From (4.8), a direct computation shows
Q =
∑
α∈Φ+
[
4
|α|2 coth〈α,∇u0〉
α(y)
− 2 u0,ijαiαj
sinh2〈α,∇u0〉
− 2uij0
αiαj
(α(y))2
]
+ 2
∑
α6=β∈Φ+
[
coth 〈α,∇u0〉 〈α, β〉
β(y)
+ coth 〈β,∇u0〉 〈α, β〉
α(y)
− 2uij0
αiβj
α(y)β(y)
]
.(4.32)
For simplicity, we denote each term in these two sums by Iα(y) and Iα,β(y), respec-
tively. We need to estimate them in the following key lemma.
Lemma 4.11. Let y0 ∈Wα. Then there exist Cα,y0 , Cα,β,y0 > 0, such that
(4.33) |Iα(y)| ≤ Cα,y0
α(y)
and
(4.34) |Iα,β(y)| ≤ Cα,β,y0
(
1
α(y)
+
1
β(y)
)
as y → y0.
Proof. We consider the following three cases as y → y0:
(i) α(y)la(y) ≤ 0 << 1, ∀Fa ∈ Fα.
(ii) There is an Fa0 ∈ Fα such that 0 < 1τ < α(y)la0 (y) < τ for some 0 < τ < +∞,
and α(y)la(y) ≤ τ, ∀Fa.
(iii) There is an Fa0 ∈ Fα such that α(y)la0 (y) ≥ N0 >> 1.
Case (i). In this case, 〈α,∇ua〉 → 0. By (4.22), it is easy to check
〈α,∇u0〉 =
∑
a
(α(ua))
2α(y)
|α|2la(y) +O
(∑
a
(
(α(ua))
2α(y)
|α|2la(y)
)2)
.
Then
coth〈α,∇u0〉 = |α|
2
α(y)
(∑
a
(α(ua))
2
la(y)
)−1
+O(1).
On the other hand, by (4.23), one can show
u0,ijαiαj =
(∑
a
(α(ua))
2
la(y)
)
+O
(∑
a
α(y)
la(y)la,α(y)
)
.
Then
u0,ijαiαj
sinh2〈α,∇u0〉
=
|α|4
(α(y))2
(∑
a
(α(ua))
2
la(y)
)−1
+O
(
1
α(y)
)
.
Thus
4
|α|2 coth〈α,∇u0〉
α(y)
− 2 u0,ijαiαj
sinh2〈α,∇u0〉
= 2
|α|4
(α(y))2
(∑
a
(α(ua))
2
la(y)
)−1
+O
(
1
α(y)
)
.
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Hence, by the above relation and Lemma 4.8, we see that there exists a constant
C ′ > 0 such that |Iα(y)| ≤ C′α(y) .
Case (ii). In this case, it is easy to see
0 < coth〈α,∇u0〉, 1
sinh2〈α,∇u0〉
≤ C ′τ , and u0,ijαiαj = O
(
1
α(y)
)
.
Then by Lemma 4.8, we have |Iα(y)| ≤ Cτα(y) , where the constant Cτ <∞ depends
only on τ .
Case (iii). In this case, we may assume
α(y)
la(y)
≤ α(y)
la0(y)
≥ N0, ∀a = 1, ..., d1.
Then by (4.22), we have
〈α,∇u0〉 ≥ 1
2
α(ua0) log
(
1 +
2α(ua0)α(y)
|α|2la0(y)
)
.(4.35)
It follows
coth〈α,∇u0〉 = O(1)(4.36)
and
sinh2〈α,∇u0〉 ≥
(
1 +
2α(ua0)α(y)
|α|2la0(y)
)α(ua0 )
.
On the other hand, by (4.23), it is easy to see
u0,ijαiαj ≤ 2d1
(
(α(ua0)
2)
la0(y)
)
+ C.
Thus
(4.37)
u0,ijαiαj
sinh2〈α,∇u0〉
= O
(
1
α(y)
(
la0(y)
α(y)
)α(ua0 )−1)
≤ o
(
1
α(y)
)
.
Here we used the fact that α(ua) ∈ Z>0, hence ≥ 1. Hence, combining (4.36) and
(4.37) together with Lemma 4.8, we get Iα(y) = O
(
1
α(y)
)
. The proof of (4.33) is
completed.
Next, we prove (4.34). We may assume y0 ∈ Wα ∩Wβ , otherwise, (4.34) can
be more easy to obtained (cf. Remark 4.10). We note that (uij0 ) −M−12 ≥ 0 and
α is an eigenvector of M2. Then by the above discussion for coth〈α,∇u0〉 in cases
(i)-(iii), we have
coth〈α,∇u0〉 · 〈α, β〉 − 〈M
−1
2 α, β〉
α(y)
= O(1).
On the other hand, by Lemma 4.9,∣∣∣∣∣αT ((uij0 )−M−12 )βα(y)
∣∣∣∣∣ ≤ O(α(y) + β(y))α(y) .
Thus
coth 〈α,∇u0〉 〈α, β〉
β(y)
− uij0
αiβj
α(y)β(y)
= O
(
1
α(y)
+
1
β(y)
)
, y → y0.
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Similarly, we have
coth 〈β,∇u0〉 〈α, β〉
α(y)
− uij0
αiβj
α(y)β(y)
= O
(
1
α(y)
+
1
β(y)
)
, y → y0.
Combining these two relations, we see that (4.34) is true. 
By Lemma 4.6 and Lemma 4.11, we begin to prove Proposition 4.5.
Proof of Proposition 4.5. Set a compact subset of ∂(2P+) by
Ω∗ = ∪α∈Φ+{y ∈Wα ∩ FA˜| Wα intersects FA˜ not orthogonally}.
Since ∅ 6= FA˜ ∩ FA˜,α ⊂ Wα if FA˜ ∩ Wα 6= ∅, each point in Ω∗ lies on a face
of codimension greater than 2. We claim: for any y0 ∈ Ω∗ ∩ (2P+), there is a
neighbourhood Vy0 and a constant Cy0 > 0 such that
(4.38) |Q| ≤ Cy0
〈
ρ,
∇pi
pi
〉
, ∀y ∈ Vy0 ∩ (2P+).
By (2.8), we see there exists a uniform C such that〈∇pi
2pi
, ρ
〉
=
∑
α∈Φ+
〈α, ρ〉
α(y)
≥ C
∑
α∈Φ+
1
α(y)
,
since 〈α, ρ〉 > 0 for each α. Thus by Lemma 4.11, to prove the claim, it suffices
to estimate Iβ(y) with y0 /∈ Wβ and Iβ,γ(y) with y0 /∈ Wβ ∪Wγ . The later can
be easily settled. In fact, Iβ,γ(y) is bounded near y0. For Iβ(y), we observe that
〈β,∇u0〉 ≥ C0 > 0 for any y ∈ Vy0 . As in the proof of Lemma 4.11 for Case (iii),
we have
coth〈β,∇u0〉 = O(1)
and
u0,ijβiβj
sinh2〈β,∇u0〉
= O
(
1
β(y)
(
la0(y)
β(y)
)β(ua0 )−1)
≤ O(1).
Hence, together with (4.30) in Remark 4.10, we get
|Iβ(y)| ≤ C, ∀y ∈ Vy0 ∩ (2P+).(4.39)
The claim is proved.
By the above claim, we can pick a small neighbourhood U of Ω¯∗ in 2P and a
constant CU < +∞ independent of u, such that
(4.40) |Q| ≤ CU
〈
ρ,
∇pi
pi
〉
, ∀y ∈ U ∩ (2P+).
Furthermore, we can take a W -invariant polytope P ′ whose boundary intersects
the Weyl walls orthogonally and 2P\2P ′ ⊂ U . This can be done as follows: for any
FA˜ ∩Wα(1) ∩ ... ∩Wα(k) ⊂ Ω∗, we chop off a sufficiently small corner of 2P with
FA˜ ∩Wα(1) ∩ ... ∩Wα(k) being the top and with the base lying on an (r − 1)-plane
which is parallel to FA˜ ∩Wα(1) ∩ ... ∩Wα(k) and orthogonal to Wα(1) , ...,Wα(k) . By
suitable choice of the chopping off, 2P ′ is W -invariant (See Figure 2).
26 YAN LI BIN ZHOU∗ XIAOHUA ZHU∗∗
(a) (b)
Figure 2. The dark areas stand for U . In (a), P is of dimension
2 and we present out the whole P and U . In (b), P is of dimen-
sion 3. We only present out P+. ADB, ADC are two walls and
ABC, BDC are outer faces. For simplicity, we assume that BDC
is orthogonal to both walls, so that we need not to cut P+ near
BD and CD.
Note that |Qpi| is uniformly bounded on 2P . Thus by Lemma 4.6 and (4.40), we
obtain ∣∣∣∣∣
∫
2P+
Qupi dy
∣∣∣∣∣ ≤
(∫
U
+
∫
2P ′+
)
|Qupi|dy
≤ CU
∫
2P+
〈ρ,∇pi〉u dy + Cˆ
∫
2P ′+
upidy.
Proposition 4.5 is proved. 
Remark 4.12. According to the proof in Lemma 4.11, we actually prove that (4.38)
holds for any y0 ∈ 2P+. Then we can avoid to use Lemma 4.6 and improve Propo-
sition 4.5 by the following estimate∣∣∣∣∣
∫
2P+
Qupi dy
∣∣∣∣∣ ≤ C
∫
2P+
〈ρ,∇pi〉u dy, ∀u ∈ Cˆ∞,W .
Proof of Proposition 4.1. Let f(t) = t− log sinh t, t > 0. Then
0 > f(t)− f(t) > log .
Regarding N (·) as f(t), and then by Proposition 4.4, it follows
(4.41) N (u) > N (u)− n log  ≥ C0 − LB(u)− n log ,
where
LB(u) = −CΛ
∫
∂(2P+)
u〈y, ν〉pi dσ0 − CLL(u) +
∫
2P+
Qupi dy.
K-ENERGY ON POLARIZED COMPACTIFICATIONS OF LIE GROUPS 27
On the other hand, by Lemma 4.2 and Propositions 4.3 and 4.5, for any δ ∈ (0, 1),
there exists uniform constants C1, C2, C3 independent of u such that
LB(u)− L(u) ≤ C1
∫
(2P+)
upi dy + C2
∫
∂(2P+)
u〈y, ν〉pi dσ0 + C3L(u)
≤ (C1Λ + C2)
∫
∂(2P+)
u〈y, ν〉pi dσ0 + C3L(u)
≤ (C1Λ + C2 + δΛ)
∫
∂(2P+)
u〈y, ν〉pi dσ0 + C3L(u)− δ
∫
2P+
upi dy
≤
(
C3 +
C1Λ + C2 + δΛ
λ
)
L(u)− δ
∫
2P+
upi dy.(4.42)
Thus by choosing  =
[
1 +
(
C3 +
C1Λ+C2+δΛ
λ
)]−1
, we get
LB(u) < L(u)− δ
∫
2P+
upi dy.
By (4.41), we derive
K(u) ≥ δ
∫
2P+
upi dy − Cδ,
where Cδ is independent of u. (4.3) is proved by replacing δ with δ. 
4.4. Proof of Theorem 1.2. Recall that the J-functional is given by
Jω0(φ) =
1
VM
∫ 1
0
∫
M
φ˙t(ω
n
0 − ωnφt) ∧ dt,
where φ ∈ HK×K(ω0) and φt is a path in HK×K(ω0) joining 0 and φ. The following
definition can be found in [24, 33, 15], etc.
Definition 4.13. µω0(φ) is called proper modulo a subgroup G0 of Aut(M) in
Ka¨hler class [ω0] if there is a continuous function p(t) on R with the property
lim
t→+∞ p(t) = +∞, such that
µω0(φ) ≥ inf
σ∈G0
p(Jω0(φσ)),
where φσ is defined by ω0 +
√−1∂∂¯φσ = σ∗(ω0 +
√−1∂∂¯φ).
For our purpose, we focus on φ ∈ HK×K(ω0) and G0 = Z(G). Let u be the
Legendre function of ψ0 + φ. Take a v ∈ ηc(M) such that Re(v) = −∇u(O). Let
σvt be a one parameter group generated by Re(v). Then (σ
v
t ) ∈ Z(G). It follows
(σv1)
∗ωφ = ω0 +
√−1∂∂¯φ˜
induces a K × K-invariant Ka¨hler potential φ˜. Thus the Legendre function u˜ of
ψ0 + φ˜ satisfies ∇u˜(O) = 0. Moreover, ∇(ψ0 + φ˜)(O) = 0. Since we may also
normalize ψ0 + φ˜ so that (ψ0 + φ˜)(O) = 0, thus u˜(O) = 0. Moreover, K(u˜) = K(u)
since L(u˜) = L(u) by Lemma 3.2 and the vanishing of Futaki invariant.
The following lemma is an analogue to [33, Lemma 2.2].
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Lemma 4.14. There exists a uniform CJ > 0 such that∣∣∣∣∣Jω0(φ˜)− 1V
∫
2P+
u˜pi dy
∣∣∣∣∣ ≤ CJ , ∀φ ∈ HK×K(ω0),
where u˜ ∈ Cˆ∞,W and ψ0 + φ˜ is the Legendre function of u˜.
Proof. In fact, Lemma 4.14 comes from the following new version of Jω0(φ),
Jω0(φ) =
1
VM
∫
M
φωn0 −
1
VM
∫ 1
0
∫
M
φ˙t ω
n
φt ∧ dt
=
1
VM
∫
M
φωn0 −
1
V
∫ 1
0
∫
a+
φ˙tMAR(ψt)
∏
α∈Φ+
〈α,∇ψt〉2 dx ∧ dt
=
1
VM
∫
M
φωn0 +
1
V
∫
2P+
(u− u0)pi dy.
Then the lemma can be proved similarly as Lemma 2.2 in [33]. 
Proof of Theorem 1.2. For any φ ∈ HK×K(ω0), there exists σ ∈ Z(G) such that
σ∗ωφ = ω0 +
√−1∂∂¯φ˜
as above. Applying Proposition 4.1, we have
K(u˜) ≥ δ
∫
2P+
u˜pidy − Cδ.
Thus by Proposition 3.1 and Lemma 4.14, we get
µω0(φ) = µω0(φ) =
1
V
K(u˜) ≥ δ · Jω0(φ˜)− CJ −
Cδ
V
.
The theorem is proved. 
5. Ka¨hler-Ricci solitons and the Modified K-energy
In this section, we verify the properness of modified K-energy on (M,K−1M ) under
an analogous condition of (1.1). By Hodge theorem, for any v ∈ η(M), there exists
a unique smooth complex-valued function θv(ωφ) of M such that
ivωφ =
√−1∂¯θv(ωφ),
∫
M
eθv(ωφ)ωnφ =
∫
M
ωnφ .
If φ ∈ HK×K(ω0) and v ∈ ηc(M), θv(ωφ) is K ×K-invariant, so it can be written
as
θX(ωφ) = c
i ∂ψ
∂xi
+ c, ∀x ∈ a,
where ci and c are constants with ciαi = 0 for any α ∈ Φ+. Since the soliton
vector field X ∈ ηc(M) and Im(X) ∈ kr, we have ci, c ∈ R. Furthermore, by the
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vanishing of the modified Futaki invariant [27], they can be uniquely determined
by the following linear equations,∫
2P+
(ciyi + c)pi dy = 0,〈
v,
∫
2P+
yec
iyi+cpi dy
〉
= 0, ∀v ∈ a∗t .(5.1)
The modified K-energy µXω0(·) associated to X is defined by
µXω0(φ) =
1
VM
∫
M
log
(
ωnφ
ωn0
eφ−h0
)
eθX(ωφ)ωnφ −
1
VM
∫ 1
0
∫
M
φ˙te
θX(ωφt )ωnφt ∧ dt,
where φ ∈ HX(ω0) and φt is a path in HX(ω0) joining 0 and φ [27]. The modified
J-functional is defined by
JXω0(φ) =
1
VM
∫ 1
0
∫
M
φ˙t
(
eθX(ω0)ωn0 − eθX(ωφt )ωnφt
)
∧ dt.
The properness of µXω0(·) can be defined analogous to Definition 4.13 [9].
The following is the main result of this section.
Theorem 5.1. Let M be a Fano compactification of G and X the soliton vector
field as above. Let
barX :=
∫
2P+
yeθX(y)pi dy∫
2P+
eθX(y)pi dy
,
where θX(y) = c
iyi + c. Suppose that the corresponding polytope 2P+ satisfies
(5.2) barX ∈ 4ρ+ Ξ.
Then µXω0(·) is proper on HK×K(ω0) modulo Z(G).
Since the properness of the modified K-energy implies the existence of Ka¨hler-
Ricci solitons [28], Theorem 5.1 gives a proof for the existence of Ka¨hler-Ricci
solitons under the condition (5.2). As in the proof of Proposition 3.4, one can
also show that (5.2) is a necessary condition by using the computation as for toric
manifolds [30].
5.1. Reduction of Modified K-energy. The following is a generalization of
Proposition 3.1 in [30].
Proposition 5.2. Let φ ∈ HK×K(ω0) and u be the Legendre function of ψ = ψ0+φ.
Then
µXω0(φ) =
1
V
KX(u) + const.,
where KX(u) = NX(u) + LX(u), and
LX(u) =
∫
2P+
〈y − 4ρ,∇u〉eθX(y)pi dy, .
NX(u) = −
∫
2P+
(log det (uij)− χ (∇u)− 4〈ρ,∇u〉) eθX(y)pi dy.(5.3)
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Proof. By (2.2) and (3.12), we reduce
ωnφ
ωn0
eφ−h0 to a function on a+ by
ωnφ
ωn0
eφ−h0 =
MAR(ψ)
∏
α∈Φ+〈α,∇ψ〉2
J(x)
eψ.
Then
1
CH
∫
M
log
(
ωnφ
ωn0
eφ−h0
)
eθX(ωφ) ωnφ
=
∫
a+
[logMAR(ψ) + ψ + χ(x)] e
θX(y)MAR(ψ)
∏
α∈Φ+
〈α,∇ψ〉2dx+ Cpi
=
∫
2P+
[− log det(u,ij) + χ(∇u)] eθX(y)pi dy
+
∫
a+
ψeθX(y)MAR(ψ)
∏
α∈Φ+
〈α,∇ψ〉2dx+ Cpi,(5.4)
where Cpi =
∫
2P+
log pi(y) · eθX(y)pi dy is a uniform constant. On the other hand,
− 1
CH
∫ 1
0
∫
M
φ˙te
θX(ωφt )ωnφt ∧ dt
= −
∫ 1
0
∫
a+
φ˙te
θX(y)MAR(ψt)
∏
α∈Φ+
〈α,∇ψt〉2dx ∧ dt
=
∫
2P+
ueθX(y)pi dy −
∫
2P+
u0e
θX(y)pi dy
=
∫
a+
(
xi
∂ψ
∂xi
− ψ
)
eθX(y)MAR(ψ)
∏
α∈Φ+
〈α,∇ψ〉2dx+ C.
Combining this with (5.4), we get
µXω0(φ) =
1
V
∫
2P+
〈y,∇u〉eθX(y)pi dy
+
1
V
(∫
2P+
χ (∇u) eθX(y)pi dy −
∫
2P+
log det (u,ij) e
θX(y)pi dy
)
+ const.
This proves the proposition. 
5.2. Properness. Analogous to Proposition 4.3, we have
Proposition 5.3. Under (5.2), it holds
(5.5) LX(u) ≥ λX
∫
∂(2P+)
u〈y, ν〉eθX(y)pi dσ0, ∀u ∈ Cˆ∞,+,
where λX > 0 is a uniform constant.
Proof. By (5.2), we have
〈barX − 4ρ,∇u〉 ≥ 0, ∀y ∈ 2P+.
Then
LX(u) ≥
∫
2P+
〈y − barX ,∇u〉eθX(y)pi dy.
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On the other hand, by the convexity of u, we have
〈y − barX ,∇u〉 ≥ u(y)− u(barX) ≥ 〈y − barX ,∇u|barX 〉.
Thus
LX(u) ≥
∫
2P+
〈y − barX ,∇u|barX 〉eθX(y)pi dy = 0.
Now we can follow the arguments in the proof of Proposition 4.3 to get (5.5). 
Proposition 5.4. Under (5.2), for any δ ∈ (0, 1), there exists a uniform constant
Cδ > 0 such that
(5.6) KX(u) ≥ δ
∫
2P+
ueθX(y)pi dy − Cδ, ∀u ∈ Cˆ∞,+.
Proof. Since − log det and χ(x) are both convex, by (5.3), we have
NX(u) ≥
∫
2P+
(
∂χ
∂xi
∣∣∣∣
x=∇u0
+ 4ρi
)
u,ie
θX(y)pi dy −
∫
2P+
uij0 u,ije
θX(y)pi dy + C0.
By integration by parts, we get an analogue of (4.11),
NX(u) ≥−
∑
A
∫
FA
2
λA
〈y, νA〉ueθX(y)pi dσ0
−
∫
2P+
(
uij0,ij + u
ij
0 c
icj + 2uij0,jc
i
)
ueθX(y)pi dy
−
∫
2P+
2
(
uij0,j + u
ij
0 c
j
)
pi,ie
θX(y)udy +
∫
2P+
QueθX(y)pidy.(5.7)
Here we used the fact that(
∂χ
∂xi
∣∣∣∣
x=∇u0
+ 4ρi
)
pi(y) = 0, ∀y ∈ ∂(2P+)
and
ci
∂χ
∂xi
(x) + 4ciρi = −2
∑
α∈Φ+
ciαi · cothx+ 4ciρi = 0.
On the other hand, LX(u) can be rewritten as
LX(u) =
∫
∂(2P+)
〈y − 4ρ, ν〉ueθX(y)pi dσ0 −
∫
2P+
[n+ ci(yi − 4ρi)]ueθX(y)pi dy.
Note that θX(y) is uniformly bounded on 2P
+. Then we have∫
2P+
〈ρ,∇pi〉ueθX(y)dy ≤ LX(u) + C
∫
∂(2P+)
u〈y, ν〉eθX(y)pi dσ0, ∀u ∈ Cˆ∞,+.
Thus by (5.7), we get
NX(u) ≥ C0 − CΛ
∫
∂(2P+)
u〈y, ν〉eθXpi dσ0 − CLL(u) +
∫
2P+
QueθXpi dy
:= C0 − LXB (u), ∀u ∈ Cˆ∞,+.(5.8)
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By Proposition 4.5, as in (4.42), we see that for any 0 < δ ≤ 1 there is a constant
Cδ > 0 independent of u such that,
(5.9) LXB (u)− LX(u) ≤ CδLX(u)− δ
∫
2P+
ueθX(y)pi dy.
Now by (5.8) and (5.9), (5.6) follows by the argument in the proof of Proposition.

Propostion 5.2 implies Theorem 5.1 by the following lemma, which can be derived
in a same way as for Lemma 4.14 (also see [30, Lemma 3.4]).
Lemma 5.5. There exists a uniform CJ,X > 0 such that∣∣∣∣∣Jω0,X(φ˜)− 1V
∫
2P+
u˜eθX(y)pi dy
∣∣∣∣∣ ≤ CJ,X ,
where u˜ ∈ Cˆ∞,W and ψ0 + φ˜ is the Legendre function of u˜.
6. Minimizers of K-energy
In this section, we discuss the weak minimizers of K(u) under the assumption
that the reduced K-energy is proper. We will adapt the argument in [34].
6.1. Extension of K(·). Let P ∗ be a union of P and its open codim-1 faces. We
need to complete the space Cˆ∞,W of functions on 2P ∗. Consider a class of convex
functions on 2P ∗ which satisfies∫
∂(2P+)
u〈y, ν〉pi dσ0 ≤ κ and
∫
2P+
u〈ρ,∇pi〉dy ≤ κ,(6.1)
where κ ≥ 0 is a fixed number. Set
C˜κ∗ = {u ∈ C(2P ∗)| u is a W -invariant convex function on 2P ∗,
which is normalized as in (4.2) such that (6.1) holds},
and C˜∗ = ∪κ≥0C˜κ∗ . We show that each C˜κ∗ is a complete space. Namely,
Lemma 6.1. Let {uk} ⊂ C˜κ∗ be a sequence. Then there is a subsequence which
converges locally uniformly to some u ∈ C˜κ∗ .
Proof. For any domain Ω ⊂ 2P with dist(Ω, ∂(2P )) > 0, one can construct a 2P ′
as in the proof of Proposition 4.5 such that Ω ⊂ 2P ′. By Lemma 4.2 and Lemma
4.6, we see ∫
2P ′
u dy = #W ·
∫
2P ′+
u dy ≤ C0κ.
Thus there is a subsequence (still denoted by {uk}) converging locally uniformly
to some u on 2P ′. Clearly u is a W -invariant, normalized convex function on 2P ′.
Since 2P ′ exhausts 2P , u ∈ C(2P ). Moreover, u satisfies (4.2). Defining u on the
boundary by u(z) := lim
t→1−
u(tz), then u ∈ C˜κ∗ . 
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It is clear that the linear part L(u) is well-defined for u ∈ C˜∗. To make N (u)
well-defined, we let ∂2u = D2u at the points where the Hessian exist, and ∂2u = 0
otherwise. This can be done since the second derivatives of a convex function exist
almost everywhere. In fact, µr[u] = det(∂
2u) dy defines the regular part of the
Monge-Ampe´re measure µ[u] = µr[u] + µs[u] [26], where the supporting set Su of
µs[u] has Lebesgue measure 0. We introduce
N+(u) := −
∫
2P+
log det(∂2u) + 2 ∑
α∈Φ+
log sinhα(∂u)− 4ρ(∂u)
+ pi dy.
The following proposition guarantees that N (u) is well-defined for any u ∈ C˜∗.
Proposition 6.2. For u ∈ C˜∗, N+(u) > −∞. More precisely, for any 0 <  < 1,
there is a uniform constant C() such that
−N+(u) ≤ 
(∫
∂(2P+)
u〈y, ν〉pi dσ0 +
∫
2P+
(〈ρ,∇pi〉+ pi)u dy
)
+ C().(6.2)
The following lemma can be proved as in [34, Lemma 2.2]. We omit the proof.
Lemma 6.3. Let u ∈ C˜∗ and {uk} ⊂ C˜∗ be a sequence of convex functions which
converges locally uniformly to u with ∂uk → ∂u, ∂2uk → ∂2u almost everywhere.
Suppose that
α(∂uk), α(∂u) ≥ 0 > 0, ∀α ∈ Φ+ and det(∂2uk),det(∂2u) ≥ 0 > 0.(6.3)
Then for any Ω b 2P,∫
Ω
(χ(∂u) + 4ρ(∂u))pi dy −
∫
Ω
log det(∂2u)pi dy
= lim
k→∞
[∫
Ω
(χ(∂uk) + 4ρ(∂uk))pi dy −
∫
Ω
log det(∂2uk)pi dy
]
.
For any u ∈ C˜∗, we can replace it by u˜(y) := u(y) + 12c|y|2 + ρ(y), where c is
sufficiently large such that
(6.4) det(∂2u˜) ≥ cn, α(∂u˜) > α(ρ) > 0,
and
(6.5) log det(∂2u˜)− χ(∂u˜)− 4ρ(∂u˜) > n log c− 2
∑
α∈Φ+
log
(
1− e−2α(ρ)
2
)
> 0.
Then −N+(u) < −N+(u˜). Thus u˜ satisfies (6.3) and we need to estimate N+(u˜).
Proof of Proposition 6.2. We first show Proposition 6.2 is true for u ∈ C˜∗ ∩C(2P ).
For any δ > 0, let P δ := (1− δ)P be a dilated polytope and P δ+ := P δ ∩ a¯+. Define
a family of smooth functions uh(y) = h
−r ∫
2P
ϑ(h−1(y − z))u(z)dz for small h > 0
and y ∈ 2P δ. Here ϑ(·) is a support function in BO(1) such that
∫
BO(1)
ϑ = 1.
It is easy to see that uh is convex and W -invariant. Moreover, ∂uh → ∂u and
∂2uh → ∂2u almost everywhere.
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For u˜h = uh +
1
2c|y|2 + ρ(y), by (4.9) and integration by parts, we have∫
2P δ+
(
log det(∂2u˜h)− χ(∂u˜h)− 4ρ(∂u˜h)
)
pi dy
≤ −
∫
∂(2P δ+)
Q˜iνiu˜hpi dσ0 +
∫
∂(2P δ+)
(
uij0 νj u˜h,ipi − uij0,iνj u˜hpi
)
dσ0
+
∫
2P δ+
[
uij0,ijpi + 2u
ij
0,jpi,i + 4〈ρ,∇pi〉 −Qpi
]
u˜hdy.(6.6)
Here
Q˜i =
∂χ
∂xi
∣∣∣∣
x=∇u0
+ 4ρi +
uij0 pi,j
pi
,
and Q is given by (4.8). Let ξi = piuij0 νj . We see that |ξ| = O((α(y))2) near Wα.
By the convexity of uh,
|ξiu˜h,i(y)| ≤ max{|u˜h(y + ξ)− u˜h(y)|, |u˜h(y − ξ)− u˜h(y)|}.
Since pi = 0 on Weyl walls, we have∫
∂(2P δ+)∩Wα
uij0 νj u˜h,ipi dσ0 = 0,
∫
∂(2P δ+)∩Wα
(
uij0 νj u˜h,ipi − uij0,iνj u˜hpi
)
dσ0 = 0.
By taking h→ 0 and then δ → 0 with Lemma 2.3, we get∫
∂(2P δ+)
(
uij0 νj u˜h,ipi − uij0,iνj u˜hpi
)
dσ0 →
∑
A
∫
FA
2
λA
u˜〈y, νA〉pi dσ0.
The last term in (6.6) can be settled by (4.12)-(4.14) and Proposition 4.5. It
remains to deal with the first term involving Q˜. In fact, by using the similar
argument as in the proof of Lemma 4.11 (checking the Cases (i)-(iii) there), we can
get |Q˜iνi| ≤ CQ˜ for some uniform CQ˜ depending only on P and u0. Now by Lemma
6.3, taking h→ 0 and then δ → 0 in (6.6), we get a uniform constant C such that
−N+(u˜) ≤ (1 + C ′
Q˜
)
∑
A
∫
FA
2
λA
u˜〈y, νA〉pi dσ0
+
∫
2P+
[
uij0,ijpi + 2u
ij
0,jpi,i + 4〈ρ,∇pi〉 −Qpi
]
u˜dy + C(u0)
≤ C
(∫
∂(2P+)
u˜〈y, ν〉pi dσ0 +
∫
2P+
(〈ρ,∇pi〉+ pi)u˜ dy
)
+ C(u0).
Replacing u by u, we obtain (6.2).
For a general u ∈ C˜∗, we consider ut(·) = u(t·) for 0 < t < 1. Then ∂ut →
∂u and ∂2ut → ∂2u almost everywhere when t → 1−. Since ut ∈ C(2P ), (6.2)
holds for all ut. Note that the constants in (6.2) are independent of t. Thus the
proposition is proved. 
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6.2. The existence of minimizers. We prove that K(·) is lower semi-continuous
on C˜∗. Namely,
Proposition 6.4. Suppose that {uk} ⊂ C˜κ∗ converges locally uniformly to u ∈ C˜κ∗
for some κ > 0, and N (uk) < C0 for some constant C0. Then
(6.7) N (u) < +∞
and there exists a subsequence of {uk} such that
(6.8) K(u) ≤ lim inf
k→∞
K(uk).
We will modify the proofs in [34, Section 3]. The proof is divided into several
steps. First, we have
Lemma 6.5. Suppose that {uk} ⊂ C˜κ∗ converges locally uniformly to u ∈ C˜κ∗ for
some κ > 0. Then for any δ > 0, we have
(6.9) lim sup
k→∞
∫
2P δ
log det(∂2uk)pi dy ≤
∫
2P δ
log det(∂2u)pi dy
and
lim sup
k→∞
∫
2P δ
[log sinhα(∂uk)− α(∂uk)]pi dy
≤
∫
2P δ
[log sinhα(∂u)− α(∂u)]pi dy.(6.10)
Proof. (6.9) can be proved as the same as [34, Lemma 3.1]. Here we give an
alternative proof. Let S be a union of supports sets Su and all Suk . Then ∀′ > 0,
there is a closed subset Ω′ ⊂ 2P δ+\S such that
∫
2P δ+\Ω′ pi dy < 
′. We observe (cf.
[6, Proposition 3.1]),
−
∫
Ω′
log det(∂2u)pi dy = sup
f∈C(2P δ+)
(∫
Ω′
fpi dy − log
∫
Ω′
ef det(∂2u)pi dy
)
− log
(∫
Ω′
det(∂2u)pi dy
)∫
Ω′
pi dy.
Then for a fixed function f , by the upper semi-continuity of Monge-Ampe´re mea-
sure,
− log
∫
Ω′
ef det(∂2u)pi dy
is lower semi-continuous as a functional of u. Thus
lim sup
k→∞
∫
Ω′
log det(∂2uk)pi dy ≤
∫
Ω′
log det(∂2u)pi dy.(6.11)
On the other hand, since oscuk are uniformly bounded on 2P
δ
2 , we have∫
Ω′
det(∂2uk)pi dy ≤
∫
2P δ+
det(∂2uk)pi dy ≤ C0
(oscuk
δ
)r
<∞,
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where C0 is independent of k. Then by the concavity of log,∫
2P δ+\Ω′
log det(∂2uk)pi dy ≤
∫
2P δ+\Ω′
pidy · log
[
C0(
oscuk
δ )
r∫
2P δ+\Ω′ pidy
]
.(6.12)
Combining (6.11) and (6.12), we have
lim sup
k→∞
∫
2P δ+
log det(∂2uk)pi dy ≤
∫
Ω′
log det(∂2u)pi dy + ′ log
[
C0(
oscuk
δ )
r
′
]
,
letting ′ → 0, we get (6.9).
(6.10) follows from Fatou’s Lemma. 
Proof of Proposition 6.4. . First we use a contradiction argument to prove (6.7).
Suppose N (u) = +∞. Then for any C > 0 there exists a δC > 0 such that
−
∫
2P δ+
[
log det(∂2u)− χ(∂u)− 4ρ(∂u))]pi dy ≥ C, ∀ 0 ≤ δ < δC .
Thus by Lemma 6.5, for any  > 0, there exists an k,δ such that
−
∫
2P δ+
[
log det(∂2uk)− χ(∂uk)− 4ρ(∂uk))
]
pi dy ≥ C − , ∀ k ≥ k,δ.
Together with the assumption of N (uk) < C0, we get∫
2P+\2P δ+
[
log det(∂2uk)− χ(∂uk)− 4ρ(∂uk))
]
pi dy ≥ C − C0 − .
On the other hand, by (6.2), we also have∫
2P+\2P δ+
[
log det(∂2uk)− χ(∂uk)− 4ρ(∂uk)
]
pi dy ≤ −N+(uk) ≤ C ′κ
for some uniform C ′. Hence we get a contradiction since the constant C can be
taken sufficiently large. (6.7) is true.
Next we prove (6.8). Since the linear part L(·) of K(·) is lower semi-continuous,
it suffices to deal with the nonlinear part N (·). Observe
N (u)−N (uk) =
∫
2P+\2P δ+
[
log det(∂2uk)− χ(∂uk)− 4ρ(∂uk)
]
pi dy
−
∫
2P+\2P δ+
[
log det(∂2u)− χ(∂u)− 4ρ(∂u)]pi dy
+
∫
2P δ+
[
log
det(∂2uk)
det(∂2u)
− χ(∂uk) + χ(∂u) + 4ρ(∂u− ∂uk)
]
pi dy
:= I1 + I2 + I3.(6.13)
In view of (6.7), for any  > 0, there is a δ > 0 such that for any δ < δ, I2 < .
By Lemma 6.5, there is an k,δ > 0 such that for any k > k,δ, I3 < . It remains
to estimate I1.
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We use a scaling trick to get a similar estimate as (6.2). For any Λ > 1,
log det(∂2uk)− χ(∂uk)− 4ρ(∂uk)
≤ log det
(
∂2uk
Λ
)
− χ
(
∂uk
Λ
)
− 4ρ
(
∂uk
Λ
)
+ n log Λ.(6.14)
By (4.9) and integration by parts, we have∫
2P+\2P δ+
[
log det
(
∂2uk
Λ
)
− χ
(
∂uk
Λ
)
− 4ρ
(
∂uk
Λ
)]
pi dy
≤ 1
Λ
(∫
∂(2P+)
−
∫
∂(2P δ+)
)[
uij0 νjuk,i − uij0,jνiuk + Q˜iνiuk
]
pi dσ0
+
1
Λ
∫
2P+\2P δ+
[
uij0,ijpi + 2u
ij
0,jpi,i + 4〈ρ,∇pi〉 −Qpi
]
uk dy + C(u0)δ.
Note that |Q˜iνi| is bounded and {uk} ⊂ C˜κ∗ . Then, by [34], there are C1, C2 > 0,
such that (∫
∂(2P+)
−
∫
∂(2P δ+)
)[
uij0 νjuk,i − uij0,jνiuk + Q˜iνiuk
]
pi dσ0
≤ C1
∑
A
2
λA
∫
FA
uk〈y, ν〉pi dσ0 ≤ C1κ.
Moreover, by (4.38) (also see Remark 4.12), we have∫
2P+\2P δ+
[
uij0,ijpi + 2u
ij
0,jpi,i + 4〈ρ,∇pi〉 −Qpi
]
uk dy
≤ C2
∫
2P+\2P δ+
uk(pi + 〈ρ,∇pi〉) dy ≤ C2κ.
Thus∫
2P+\2P δ+
[
log det
(
∂2uk
Λ
)
− χ
(
∂uk
Λ
)
− 4ρ
(
∂uk
Λ
)]
pi dy ≤ (C1 + C2)κ
Λ
+C(u0)δ.
Hence by (6.14), we obtain
I1 ≤ (C1 + C2)κ
Λ
+ C(u0)δ + Cδ log Λ.
Choosing a sufficiently large Λ such that (C1+C2)κΛ < , and δ small enough, we get
I1 ≤ 2. The proposition is proved.

Proof of Theorem 1.3. The first part follows from Proposition 6.4. For the second
part, we take a minimizing sequence {uk} of K(·) in C∞,+. Then by Lemma 4.14 and
the properness of µ(·), there exists a constant κ such that the normalized sequence
u˜k is a subset of C˜κ∗ . Moreover, N (uk) < C0 for some C0. Thus by Lemma 6.1,
there is a limit u of a subsequence of u˜k in C˜κ∗ . Proposition 6.4 implies that u is a
minimizer of K(·) in C˜∗.

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7. Appendix
Lemma 7.1. Let λi i = 1, ...,m be m positive real numbers and ci(y) > 0 m positive
functions. Let α(y) > 0 be another positive function such that
α(y)
ci(y)
≤ 0 << 1, i = 1, ...,m.
Then
(7.1) ∆ :=
(∑
i
1
ci(y) + λiα(y)
)−1
−
(∑
i
1
ci(y)
)−1
= O(α(y)).
Proof. Denote I = {1, ...,m}. Since(∑
i∈I
1
ci + λiα
)−1
=
∏
k∈I(ck + λkα)∑
i∈I
∏
j 6=i(cj + λjα)
,
∆ =
∏
k∈I(ck + λkα)
∑
i∈I
∏
j 6=i ci −
∏
k∈I ck
∑
i∈I
∏
j 6=i(cj + λjα)∑
i,k∈I
∏
j 6=i
∏
l 6=k cj(cl + λlα)
=:
∆1
∆2
.
By a direct computation, we have
∆1 =
∑
i∈I
∏
j 6=i
c2jλiα+
m∑
l=2
∑
i1,...,i2m−1−l
λ′i1...i2m−1−lci1 ...ci2m−1−lα
l,
where λ′∗ are constants and ci1 ...ci2m−1−l is a (2m− 1− l) product of ck of the form∏
i′∈{i1,...,im−l}⊂I
ci′
∏
j′∈{i1,...,im−1}⊂I
cj′ or
∏
i=1,...,m
ci
∏
j′∈{i1,...,im−l−1}⊂I
cj′ .
Similarly,
∆2 =
∑
i,k∈I
∏
j 6=i,l 6=k
cjcl +
m−1∑
l=1
∑
i1,...,i2m−2−l
λ′′i1...i2m−2−lci1 ...ci2m−2−lα
l,
where λ′′∗ are constants and ci1 ...ci2m−2−l is a (2m− 2− l) product of ck of the form∏
i′∈{i1,...,im−l−1}⊂I
ci′
∏
j′∈{i1,...,im−1}⊂I
cj′ .
Then one can show
0 < ∆ ≤
∑
i∈I
∏
j 6=i c
2
j (y)λiα(y)(1 + o(1))∑
i,k∈I
∏
j 6=i,l 6=k cj(y)cl(y)
= O(α(y)).
The lemma is proved. 
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